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ON CASTELNUOVO’S INEQUALITY
FOR ALGEBRAIC CURVES. 1
BY
ROBERT D. M. ACCOLA!?

ABSTRACT. Let W, be a Riemann surface of genus p admitting a simple
linear series g/ wheren =m(r — 1) + ¢, ¢ =2,3,...,r — 1, or r. Castel-
nuovo’s inequality states that (1) 2p < 2f(r,m, 1) =m(m — 1)}r — 1) +
2m(q — 1). By further work of Castelnuovo, equality in (1) and ¢ < r
implies that W, admits a plane model of degree n —r +2 with r — 2
m-fold singularities and one (n — r + 1 — m)-fold singularity. Formula (1)
generalizes as follows. Suppose W, admits s simple linear series g; where
n=mrs—1)+qgandg=—-(s—Dr+2, —(s—Dr+3,...,r—1lor
r. For g consider the cases v =0,1,...,5 — 1 as follows: case v = 0:
2<g<rcasev>0:2< g+ or<r+1 Then (2) 2p < 2f(r,n,s) =
m¥(rs? — s) + ms(2qg — 1 — r) — o(v — 1)r — 20(q — 1). Examples show
that (2) is sharp. Finally,if n = m'r + ¢',¢ = 1,2,...,r— l,orrand W,
admits m’ + 1 simple g2’s then (3) 2p < 2f(r+ L,n + 1, 1) = m'(m’ — 1)r
+2m'q’. Since f(r,n,2) < f(r,n, 1) we obtain as a corollary: if p =
S(r, n, 1) then W), admits at most one simple g,.

1. Introduction. Let W, be a closed Riemann surface of genus p admitting a
simple linear seties g,. Castelnuovo [2] showed that

p<(n—r+e(n—1-2¢)/2(r—1), (1.1)

where0 < e<r—2andn—r+e=0(mod r — 1).

If r = 2 this is simply the fact that a plane curve of degree n has its genus
bounded by (n — 1)(n — 2)/2. If W, admits a simple g2 where p = (n — 1)(n
— 2)/2 then W, admits a plane model as a nonsingular curve of degree n.
Since the g? is unique the locus of all such W, in Teichmiiller space for genus
p is n(n + 3)/2 — 8 where n(n + 3)/2 is the dimension of the (nonsingular)
plane curves of degree n and 8 is the dimension of the plane collineations.

In this paper we will first generalize these classical results to arbitrary
dimension r. By a beautiful theorem of Castelnuovo [1] equality in formula
(1.1) will insure that W, admits a certain type of plane model. Moreover g,
will be unique in this case. By classical dimension counting we can then
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derive the dimension in Teichmiiller space of the Riemann surfaces W,
admitting such g;’s. Also we will be able to say something about the
automorphism groups of such surfaces.

Let us put the problem in a more general context. Suppose W, admits s
linear series, g,', g,% - . ., g, Which are simple if ; > 2 (and perhaps other

suitable hypotheses). Then there is an integer valued function f(r,, rp, . . ., 7,;
ny, ny, . .., n) such that
P f(r,...,rsmy, ..., n). (1.2)

The problem is to determine the function f and investigate the consequences
for W, of equality in (1.2). If s = 1, formula (1.2) is Castelnuovo’s inequality,
formula (1.1).

We shall derive the function f in the case of s (s > 2) simple g,’s on W, all
of the same dimension and degree. Plane curves will be exhibited to show that
the derived function f is the best possible. It will be observed that f(r, r;
n, n) < f(r; n), so that if f(r, r; n,n) < p < f(r; n) then a simple g, on W,
must be unique.

In Part II of this paper we will consider the consequences of equality in
formula (1.2) in the case of W, admitting several simple g,’s of the same
degree and dimension. The problem will be to show that the plane models
exhibited in §7 of this paper are the only possible ones, at least for large
dimension r.

2. Notation, definitions, and preliminary results. A closed Riemann surface
of genus p will be denoted W,. We will always assume that W, is not
hyperelliptic. A linear series of dimension r and degree n will be denoted g;.
Such a series may have fixed points, may be simple or composite, and may be
complete or incomplete. For x in W, g; — x will denote the linear series of
degree n — 1 of divisors in g, passing through x, not counting x. If x is not a
fixed point of g; then g’ — x = g/~ 1. If g’ is simple and without fixed points
then for a general choice of x, g, — x will also be simple and without fixed
points.

If g, is composite then W, is a t-sheeted covering of a Riemann surface of
genus ¢, W,, and a divisor of nonfixed points of g, is a union of fibers of the
map from W, onto W,. The set of fibers will be called an involution following
classical terminology, and will be denoted y,. In this case we will say that g; is
compounded of the involution y,. Note that a given g, may be compounded of
several different involutions. We will say that a g! is compounded of an
involution if each divisor in g, is made up of divisors in the involution. If g! is
compounded only of itself and the trivial involution then we will say that g! is
simple; otherwise, g! will be called composite.

The Riemann-Roch theorem states that for a complete g/, r=n —p + i
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where i is the index of speciality. Let K = gfp‘_'z denote the canonical series
which we are assuming is always simple. If g” + g/ = K where both series
are complete, then the Brill-Noether formulation of the Riemann-Roch
theorem states that n — 2r = n’ — 2r’. For special g;’s Clifford’s theorem
states that n — 2r > 0. For an arbitrary g, the integer n — 2r will be called
the Clifford index. If the Clifford index of a series is negative then the series is
not special.

As usual the greatest common divisor of the two divisors D and E will be
denoted (D, E).

If g, is a complete linear seties, a second series g, is said to impose ¢
(linear) conditions on g, if there is a complete series g, _,, so that g, = g» +
&, _ .. This means that if D is any divisor in g, of m distinct points, then there
are t points of D, x,,...,x, so that g’ — (x, + - - - + x,) has the other
points of D among its fixed points. Also x,, ..., x, impose independent
conditions; that is, for each k there is a divisor in g, containing all the x’s
except x,. If gl imposes one condition on g/ then g/ = rgl, + D,_,, where
D,_,,, is the divisor of fixed points of the composite g;. We shall often use
the fact that a g! without fixed points imposes m — 1 conditions on the
canonical series.

We will say that a linear series g, is included in g/ if for any E in g,, there
isa D in g, so that (E, D) = E. If g, is complete this means that g, imposes r
or fewer conditions on g;. To say that g, imposes r + 1 conditions on a
complete g, will mean that g, is not included in g.

If g, is simple, r > 2, and without fixed points then W, can be realized as a
curve in P" and the hyperplane sections cut out the divisors of g, on the
curve. To say that g; imposes ¢ conditions on a simple g, means
geometrically that every divisor in g, spans a linear space of dimension ¢ — 1
in P’. In general we will say that ¢ points in P” are independent if they span a
linear space of dimension ¢ — 1. The points of a divisor D in g, will be said to
be in general position if any r of them are independent and so span the
hyperplane which cuts out D on the curve in P’.

In the case where g? is simple and without fixed points, W, admits a plane
model of degree n. If d is the number of double points suitably counted, then

p=(n—-1)n-2)/2-d 2.1
To compute the dimension R of all plane curves of degree n with s given
ordinary singularities of multiplicities k,, k,, ..., k, we use the classical

formula

R>n(n+3)/2- 3 ki(k; + 1)/2. (22)
j=1
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If s < 3 this formula is precise, as it will be in the applications in Part I of
this paper.

A singularity of multiplicity k will be called a k-fold point of a curve or
linear series. Thus if x, + - - - + x, is a k-fold point for the simple g, then
g, — x; has the other k — 1 x’s as the divisor of fixed points. g, will be called
nonsingular if g; — x has no fixed points for all x in W,. If Q, and Q, are
singularities for g; we will say that they are disjoint as point sets on W, if
(@), 9,) = 1. This does not exclude the possibility that the two singularities
may occur at the same point in P’ on the curve given by the mapping of W,
into P" associated with g;.

Let (W,)' denote the ¢-fold symmetric product of W,; that is, the space of
all integral divisors of degree .

If g/ is a simple linear series we shall have occasion to speak of the
“general divisor” of g/ having a certain property. By this we shall mean the
following. There is a dense open set O in (W,) so thatif x; + - - - + x, isin
O then these points uniquely determine a divisor D in g, (they impose
independent conditions) and D has that property.

Finally we shall discuss a method of Castelnuovo which is basic. Let
g ..., & be k linear series. Let gff = g2+ - - - + g andlet gy = gy +
g,'. Castelnuovo’s method allows one to obtain a lower bound on R,. Suppose
that g;' imposes # + 1 conditions on g,;f for all j. Clearly g,' imposes r,
conditions on g,'. If r, > r, then typically in this paper ; + 1> r, + 1. If
r; < ry then typically in this paper £, + 1 > r; + 1. Then we can find a divisor
D in g+ and divisors E; in gJ so that (D, E) has order ¢ for all j. Also the
totality of ¢, + « - - + ¢, points in these k divisors all impose independent
conditions on g,{,‘l'. Consequently we see that if g;' imposes T conditions on
gw'then T > t;+--- + 14 + 1 Since R=R, — T we have R, > R + ¢,
+ - -+ + 4 + 1. This is the estimate we want. It is usually the kth step in an
inductive argument. That we can find such divisors E; follows from theorems
about the general position of points on divisors in linear series on curves in
projective space. One of these theorems on general position, Theorem 3.1, is
classical and the other, Theorem 4.1, follows easily from known results. (This
latter theorem, no doubt, was known classically but the author knows of no
reference.)

3. Castelnuovo’s method for one linear series. Most of the results of this
section are due to Castelnuovo, [1], [2]. The following basic theorem seems to
be part of the folklore of the subject.

3.1 THEOREM. Let g/ be a simple linear series without fixed points. Then the
general divisor D of g, satisfies the following: (1) D is made up of n distinct
points, and (2) any r points of D impose independent conditions on g, .
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PRrOOF. See [4, pp. 266-267, Theorems 39 and 43].

DEerFINITION. For r and / nonnegative integers let R(/; r) = I(I + )r/2 —
I(1-1/2.

Note that R/ + L,r)=R(; N+ {+D(r—-1)+ 1.

3.2 LemMA (CASTELNUOVO). Let g; be a simple linear series on W,. If
k(r — 1) + 1 < n then kg, = gR&N*¢ where ¢ > 0.

ProOF. We use induction on k. We ask how many linear conditions g,
imposes on kg,. If D,, D,, . .., D, are divisorsin g, then D, + D, + - - - +
D, is a divisor in kg,. Let D, be a divisor in g, whose n points are in general
position. Then we can find divisors D,,..., D, in g, so that for each j
(Dy, D)) is a divisor of degree r — 1. This follows from Theorem 3.1. Thus g,
imposes at least k(r — 1) + 1 conditions on kg,. But kg, — g, = (k — ) g,
= g% 47*¢. Thus the dimension of kg, is at least R(k — 1; r) + k(r — 1)
+ 1 (= R(k;r)). QE.D.

We now prove Castelnuovo’s inequality, formula (1.1) in a slightly different
form.

3.3 THEOREM (CASTELNUOVO). Let W, admit a simple g, (r > 2). Write
n=m(r—1)+ qwhere q=2,3,...,r— l,orr. Then

p<m(m-—1)(r—1)/2+ m(q—1). 3.1

PrROOF. By Lemma 3.2, mg! = gR(mn+*e The Clifford index of this series is
mn — 2R(m; r) — 2e which is seen to be negative. Thus the series is non-
special and so p < mn — R(mj; r). This is formula (3.1). Q.E.D.

We are interested in the case where we have equality in Castelnuovo’s
inequality. In this case we see that the dimension of mg, is precisely R (m; r).
By the proof of Lemma 3.2 we see that this implies that the dimension of kg,
is precisely R (k; r) for all k less than or equal to m. From now on let us
assume that m > 2 and if m = 2 then ¢ #* 2, putting aside the uninteresting
cases m =1, and m =2, ¢ = 2, the canonical series. Consequently n is
always greater than 2r. If now k = 2 we have 2g’ = g3'~!. In this situation
Castelnuovo [1] proved a beautiful theorem which says that the curve C in P’,
given by the simple series g, lies on an algebraic surface of degree r — 1. If
r # 5 this means that the surface is a rational normal scroll whose rulings cut
out on C a g} which imposes two conditions on g’. If » = 5 then the algebraic
surface could be the Veronese variety. In this latter case our curve C is the
image of a plane curve C’ and the conics cut out g; on C’. We summarize
these results in the following theorem.
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3.4 THEOREM (CASTELNUOVO). Suppose g, is a simple linear series without
fixed points so that n > 2r and 2g! = g3.~" which is complete. If r 5 then
W, admits a gr which imposes two conditions on g/. If r = 5 it may happen that
W, admits a plane model C’ where the conics cut out g, on C’.

In his discussion of this theorem Castelnuovo stated that T=m + 1 or
m + 2, the latter case occuring only if ¢ = r. He did not appear to give a
proof of this assertion. We will include a proof of this fact later.

3.5 LEMMA. Suppose we have equality in Castelnuovo’s inequality, formula
(3.1). Then there is a complete linear series g(‘i,‘_zz)(m+ 1y S0 that

K E(m d l)g,: + 8(.,_—22)(m+1)- (3.2)
Also
, - _ r+2(g-2)
8 + 83q-22)(m+|)= gni(q'-l-z)(mn)'- (3-3)

PRrOOF. Since we have equality in formula (3.1) it follows that (m — 1) g, =
g ", This series is complete and special. The Clifford index is seen to be
(g —2)(m —1). Since 2p —2 —(m — )n = (q — 2)(m + 1) the result
follows by the Brill-Noether form of the Riemann-Roch theorem. Formula
(3.3) is proven in the same way using the fact that gJ + g&‘_zzx,,,“) has the
same Clifford index as (m — 2) g;, namely (m — 2)(q + r — 3). Q.E.D.

We now use Lemma 3.5 to get information about the degree of the g;.

which we know to exist on W,,.

3.6 LEMMA. Suppose we have equality in formula (3.1). Suppose W, admits a
gr-Then T > m + 1.

PrOOF. Suppose T < m. Let E (= x, + x, + - - - + x;) be a divisor of
distinct points in g7 which does not contain any fixed points of g(‘{,'_zzx,,,“).
Since g/ is simple, g must impose at least two conditions on g’. Therefore,

we can assume that there are T — 1 divisors D, D,, ..., Dy_, in g, so that
(E,D)=x;forj=1,2,..., T — 1. Since g7 imposes T — 1 conditions on
K, we see that x; must be in D, + D, + - - - + Dy_,, a contradiction.
Q.E.D.

3.7 LeMMA. Suppose we have equality in formula (3.1) and suppose W, admits
a gy where T = m + 1. Then gl imposes precisely two conditions on g|. Also
gg]:ZZXm+I) =(q - 2)8}'

PROOF. As in the preceding proof let E (= x; + x, + - - - + x,,,) be a
general divisor in g, and choose D, D,, . . ., D,,_, to be divisors in g, so
that (D, E) = x;forj = 1,2,...,m — 2. Now let D,,_, contain x,,_; + X,,.
D +D,+---+ D,_, contains x, + x, + - - - + x,, + x,,,, and there-



ON CASTELNUOVO’S INEQUALITY FOR ALGEBRAIC CURVES. I 363

fore x,,, , is in D,,_,. But the numbering is irrelevent; that is, whenever D, _,
contains x,, + x,,_, it contains all the x’s.

If we choose Dy, D,, ..., D,,_,so that(D;, E) = x;forj=1,2,...,m —
1, then whenever g¢~3%,, ., contains x,, it also contains x,,,, Again the
numbering is irrelevent. Thus g,,,, imposes one condition on g&~%, .
Q.E.D.

4. Castelnuovo’s method for several linear series. We now generalize the
results of the last section.

4.1 THEOREM. Suppose g, and g3, are two different linear series without fixed
points so that r > s. If both series are composite suppose that there is no
involution of which both are compounded. Then for the general divisor D in g,
and any divisor E in g;, order(D, E) < s.

PROOF. Step (i). Suppose r = s. We assert that there is a divisor D in g so
that if E is any divisor in g,, then order(D, E) < r.

Suppose not. Then for all divisors D in g, there is a divisor E in g,, so that
order(D, E) > r + 1. In (W,) fix a point X% = x{ + xJ+--- +x? so
that for X = x; + x, + - - - + x, in a neighborhood N of X the following
is true: x,, x,, . . . , x, impose independent conditions on g, (respectively, g,)
and determine a divisor D of n (respectively, E of m) distinct points. We can
also assume that D (respectively, E) contains a point x,,, so that
X} ... X, lie in different divisors of any involution of which g, (respec-
tively, g7) is compounded. Now let g! (respectively, g.) be the nonfixed
points of the complete linear series g, — (x, + - - - + x,_,) (respectively,
g, —(x;+ -+ +x,_,). As x, varies it determines a divisor D’ in g},
(respectively, E’ in g!) which contains x,, ;. Thus g and g!, are compounded
of an involution a divisor of which contains the pair x, + x,, . It follows that
for any x, + x, + - - - + x, in N the corresponding D and E contain
x, + x,,, lying in some involution of W,. The order of these involutions is
bounded by n and so W, admits only a finite number of such involutions [3].
This implies that there is an involution common to g, and g,,. This contra-
diction proves step (i).

Step (ii). Assume s < r. We assert that there is a divisor D in g, so that if £
is any divisor in gJ then order(D, E) < s. This follows from step (i) by
taking a g; in g; so that there is no involution common to those of which g;
and g, are compounded.

Step (iii). The proof of the theorem now follows since the conditions on
(W,Y that (D, E) have order > s + 1 are analytic. Q.E.D.

REMARKS. It follows that any s points of the general D impose independent
conditions on g;. Also it follows that either g, is not included in g, or g,
imposes at least s + 1 conditions on g,. The condition that g, and g,, have no
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involution of which each is compounded is equivalent to the condition that
the two fields of meromorphic functions determined by g, and g, generate
the full field on W,

DEFINITION. Suppose Iy, 1, ..., 1L; r, ry ..., r, are nonnegative integers
sothatr, > r, > --- >r, > 1. Let

R(Il,...,,,r,,...,r,)—z (L) + 2 L,
J-

i<j
Note that
R ..o+, .., .,r)=R, ooy o 5, 00 ,1)

S

k—1
+(rn-Dh+D+1+, >0+ Y

i=1 J=k+1

4.2 LeMMA. Suppose W, admits s linear series 8nls s g,;' where r,
> -+ >r, > L. Suppose that any linear series of dimension two or more is
simple and that any two series of dimension one are not compounded of the same
involution. Suppose that for j = 1,2, ...,s the nonnegative integers l; satisfy
2. hri+1— [ < n.Then

im=j

2 (,g,;j = gR(l. ..... Lsry, ooy r,)+021]nj
1

where € > 0.

Proor. First we consider induction on s. If s = 1, this is Castelnuovo’s
method since R(/ — 1; 1)+ I(r — 1) + 1 = R(l; r)provided I(r — 1) + 1 <
n. Now assuming it is true for some s > 1 we use induction on 1l It is true for
I, = 0. Suppose the lemma is true for (/;, — 1)g,' + 2}, /g;. Then g,
imposes at least N (= [i(r, — )+ Zj_, 4, + 1) condmons on Zia1lgy
provided N < n,. For by Theorem 4.1, &, imposes at least ; + 1 conditions
of g,' (j > 2) and g, imposes r, conditions on g,'. Since

s

R(L-Lb,....05¢r,r...,r)+ L(rn—-1)+ > Lr+ 1
j=2

=R(,...,IL;r,...,r1)
the lemma follows. Q.E.D.

4.3 THEOREM (A GENERALIZED CASTELNUOVO INEQUALITY). Let W, admit s
different linear series g;, all of the same dimension and degree, s > 2. If r > 2
assume all the series are simple and if r = 1 assume that no two of the series are
compounded of the same involution. Let n = m(rs — 1) + q where q is the
residue of n modulo (rs — 1) so that —(s — 1)r + 2 < q < r. Divide the
possibilities for q into s cases indexed by k = 1,2, . . ., s as follows:
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k=1, —rs—-1D+2 <g< —-rs—2)+1,
k=2, —r(s—2)+2 <g< —-r(s—-3)+1,

k =k, —rs—k)+2<qg< —-rs—k-1+1,
k=s-—1, -r+2<g<1,

k=s, 2<g< r

Let v =5 — k. Then
2p < m¥(rs* —s5) + ms(2q — 1 —r) — vo(v — 1)r —20(qg — 1). (4.1)

PROOF. Let us order the s linear series and denote them g,,8,, . . . , &. Then
by Lemma 4.2 the Clifford index of m(g, + g, + - - - + &) + (m — 1) g+,
+ -0+ gs) ( gR(m ..... mm-—1,..., m—Lr,..., r)+e) is negative, and so the
series is not special. Therefore

p<(ms—ojm—R(m,....mm—1,....,m—1Lr...,r).
Now compute to get the result.> Q.E.D.

Suppose we have equality in formula (4.1) Then by the method of Lemma
4.2 we see that if

[<mforj=1,....,k; [ <m-—1 forj=k+1,...,5 (42)

then 3., [g = gkv>. ,f; >N where the latter series is complete.
Unless we have equality in all s cases of formula (4.2), this series is seen to be
special and the Clifford index can then be computed. This method yields the
following lemma.

4.4 LEMMA. Suppose we have equality in formula (4.1). Then there is a
complete linear series g{,_ 2+,,,)(m, o+ 1)+ mek—1) 50 that

K=m(gr+ - +g_)+(m-1)(g+ - +g)

+ 8l 3f+°$r)(m- o+ D+mlk—1) 4.3)

Now let T = ms — v + 1. Notice that there are T — 2 (= m(k — 1) + (m

— 1)(s — k + 1)) of the g; on the left-hand side of formula (4.3). Just as

Lemma 3.6 and 3.7 follow from Lemma 3.5, so the following lemmas follow
from Lemma 4.4.

3The author apologizes for the computations involved. For future reference we make the
following definitions. Let R® = R(m,...,m,m—1,...,m — 1; r,...,r) where there are /
ms and s — I (m — 1)’s. Let N® = ((m — 1)s + /)n and let CO = N® — 2RO, Then some
tedius computations confirm that 2R = m?(rs> — s) + m(rs + s — 2(s — IXrs — 1)) + (s —
s—=1-Dr—2)and CO=(s(m—1)+Ig+r(s—I—1)—2)+Im For I = k C® is
negative when one remembers the restrictions on g. Thenp < C® + R®),
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4.5 LEMMA. Suppose we have equality in formula (4.1). Suppose W, admits a
linear series g! without fixed points. Then t > T.

PROOF. Suppose ¢ < T — 1. Then we can find a divisor x;, + - - - + X, in
g sothat x,, ..., x,_, are in separate divisors of m(g, + - - -+ + g,_;) + (m
—1)(g,+ - +g) and x, occurs nowhere. This is a contradiction.
Q.E.D. ’

4.6 LEMMA. Suppose we have equality in formula (4.1) and W, admits a gr.
Then g} imposes two conditions on each 8>J = 1,2, ..., s, and one condition on
gg,_—zzt'i,’r)nm(k—l)-

Proor. This follows from formula (4.3) as Lemma 3.7 followed from
formula (3.2).

5. Extensions of Castelnuovo’s method. The following can be viewed as a
generalization of Castelnuovo’s theorem (Theorem 3.4). We include some
results that will be used in Part II of this paper.

5.1 LEMMA. Suppose g/ is simple and g3, is a different linear series, possibly
r+2s+e

composite, so that r > s. Then g, + g5, = 814 m = Where ¢ > 0.

PrOOF. By Theorem 4.1 it follows that g, imposes at least s + 1 conditions
on g/. Thus we can find a divisor D, in g, and divisors D and E in g, and g,,,
respectively, so that the order of (D, Dy) is r — 1 and the order of (E, D) is s.
It follows that g/ imposes at least r + s conditions on g, + g,. The result
follows. Q.E.D.

5.2 LEMMA. Suppose g is simple and g;, is another series so that both are
without fixed points and r > s. Suppose that the dimension of g, + g, is
precisely r + 2s. Finally suppose that g3 is simple, s > 2. Then there are
precisely three possibilities for s: (1) s =2, r =5, g5 = 2g% and n = 2m; (2)
s=r—2andg] =g/ + g ;@ s=r—landg =g " +g,.

ProoF. It follows from the proof of Lemma 5.1 that g, imposes precisely
s + 1 conditions on g, and since s + 1 < r we have g, = g, + grosoh

Case (1): Assume g, = g/, " Then r =2s + 1 and g2**' = g + g,_,
= g»*~1*¢ where ¢ > 0. Consequently s =2 —e. Since s >2, ¢ =0 and

r=5. Case (2): g5 #g -5 ' and s >r — s — 1. Then by Castelnuovo’s
method (g;, imposes at least (s — 1) + (r — s — 1) + 1 conditions on g, +
g s Y weseethatgl =gf + g/ 5 =gt ¥ ors=r—2+eIf
s=r—2theng’ =g, 2 +g! , lfs=r—ltheng =g, '+ gJ_,. Case
(3): s <r— s — 1. Then again by Castelnuovo’s method we see that g,
imposes at least 2s conditions on g2, + g;=5 "' Thus g/ = gZ¥*"~*~!*¢, or
s = 1 — &. This is impossible. Q.E.D.
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We see then that if g, is simple, r > s, g, + g, has dimension r + 2s,
r#5,and 2 < s < r — 3 then g;is composite. (Thus the method of Lemma
4.2 cannot give sharp results when applied to linear series where the r; are
quite different.) We now explore the consequences of this situation.

5.3 LEMMA. Suppose g is simple and without fixed points, g, is composite and
without fixed points, and the dimension of g, + g, is precisely r + 2s. Then
there is a complete g\, st = m, so that g°, = sg!. Moreover, g! imposes precisely
two linear conditions on g,.

ProoF. Let g; be compounded of y,. Suppose the general divisor of y,
imposes b conditions on the simple g/f% (=g’ + g2). Then b > 2. If
u < s — 1 then g/} — uy, is simple since it includes g;. Consequently if
u < s — 1 then the general divisor of y, imposes at least two conditions on

+2s
8r+m — Y, Thus

gn’Ii‘—(s—l)v,=g;+g,‘n (o= 1)
= G = G G T
wherec > Oand b; > 2forj = 1,2,...,s — 1. Thus
r+2+c=r+2s—b,—-b,—--- —b_, <r+2s—-2s-1),

or 2+ c¢<2. Therefore c=0 and we see that g, ., imposes two
conditions on gri2_ ~ = Since y, also imposes two condmons on
gr¥_ —s—1y it follows that Em—(s— 1 = Y O m = st. Finally, since g} imposes
two conditions on g/} 2 it imposes two conditions on g;. Q.E.D.

It is perhaps worth remarking that by Lemmas 5.2, 5.3, and 3.5, formula
(3.3), we can prove Castelnuovo’s Theorem 3.4 in case we have equality in
Castelnuovo’s inequality (3.1) and g # 2. For the situation of Lemma 5.3 is
that where the model of W, in P’ lies on a rational normal scroll whose
rulings cut out the g/'.

We now consider plane models for curves lying on rational normal scrolls

in P'.

5.4 LEMMA. Suppose W, admits a complete szmple gX and a g}, both without
fixed points so that g} imposes two conditions on gi. Then

2p < (T — 1)(2N — 2 — T(R — 1)). (5.1)
PROOF. If x; + - - - + xg is a general divisor in g; with T distinct points
then g¥ — x, has x, + - - - + x; as a (T — 1)-fold point since g} imposes

two conditions on gX. Consequently, if D_, is a general divisor of R — 2
points in R — 2 distinct divisors of g} then gX — Dg_, (= g%_r.,) will have
R — 2 distinct (T — 1)-fold points P®, ..., P®R=D gl will also impose two
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conditions on g _,,,andso g% _r,, = gr + Q where Qisa(N — R+ 2 —
T)-fold point. Thus the plane curve Cy_g,, of degree N — R +2
determined by g _,, has genus p given by 2p < (N — R+ 1)(N — R) —
2d where

2d=(R-2(T-1)(T-2)+(N—R+2-T)(N—-R+1-T).
2d is the minimum contribution of the singularities P and Q to the double
points of Cy_g,, suitably counted. Formula (5.1) follows by algebra.
Q.E.D.

We will be interested in situations where the singularities P® and Q are
disjoint from one another and from the other singularities of g;X as divisors on
W,. We now give a sufficient condition for this to be true.

5.5 LEMMA. Suppose it is known that g& — gt (= gi-32) is simple in Lemma
5.4. Then the plane curve Cy_ g, , can be chosen so that all the singularities P®
and Q are mutually disjoint and are disjoint from the other singularities of gs,
the singularities being considered as divisors on W,,.

PrROOF. Let Dp_; (= x,+ - -+ + xi_;) be a divisor of R — 3 points
correspondmg to R—-3 dlstmct divisors in gJ and so that gR-2 — Dp_,
(= gN_gr+3_7) is without fixed points and so that these R — 3 divisors in g}
are disjoint from any singularity of gx. Now choose x,_, so that gy_g,3_7
- xR_2 (= Q) is disjoint from the R — 2 divisors in g} determined by
X+ -+ Xp_ 2 (= Dg_,) and all these divisors are disjoint from the
smgulantles of gX. Then Q =gR"2 — Dp_, =gR — Dp_, — 84 = 83 _r+2
— g7 Q has no points common to the divisors of gl determined by Dp_,.
Q.E.D.

It turns out that there is a simple criterion which insures that the hypothesis
of Lemma 5.5 holds.

5.6 LEMMA. Suppose in Lemma 5.4 we have N < (R — 1)T and R > 4. Then
gy — gr is simple.

PROOF. Suppose g ‘T is composite. Then there is a ¢-sheeted cover W, —»
W, and a complete 85 s se on W, which lifts to the nonfixed pomts of
gN 2, Since g} imposes at most two condltlons on gR=2 we see that there is a
gT/, on W, which hfts to gT on W,. Suppose ¢ #= 0. Then T/t > 2 and on
W,: g 2,_,)/, + 81/ = 85 “The lift of gty . is included in gy
(assumed complete), ¢ = 0, and so gx is composite. This contradiction shows
thatg=0,T=t,andR-2=N-T—-f)/Tor(R—1)T=N—-f< N.
This is the final contradiction. Q.E.D.

Notice that the proof of Lemma 5.6 shows that if g ~2 is composite then g}-
imposes one condition on it. It can be shown by example that the numerical
criterion of Lemma 5.6 cannot be sharpened.
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It should be remarked that while as divisors on W, the singularities of gX,
the P®, and Q can be chosen mutually disjoint in the context of Lemma 5.5,
there is nothing in the proof that guarentees that they may not fall together
on the plane curve Cy_ ., ,. However, if this happens the bound in formula
(5.1) cannot be sharp.

On the plane model Cy _ ¢, of Lemma 5.4 we can locate the original g. It
is the family of (rational) curves of degree R — 1 with a (R — 2)-fold point at
Q and a simple point at each P, for

8~ = 8-r+2t Dr_s
=(R—1gh_r+e2— (R—2)8h_p+2+ Dr_2
=(R-1)gh_re2— (R— 2)(Q + 8}) + Dg_,
=(R-1)gh_re2— (R=2)Q - ((R ~2gr—x = = xR—z)
=(R-1)gh gz = (R=2)Q = PO — - — p&=D,

6. Consequences of equality in Castelnuovo’s theorem for one linear series.
Now we assume that W, admits a simple g, where we have equality in
Castelnuovo’s inequality, (3.1). If r # 5 then by Theorem 3.4 we know that
W, admits a g5 imposing two conditions on g’. By Lemma 3.6 we know that
T=m+ 1+ t where t > 0. We now apply Lemma 5.4 with 2p = m(m —
Dr-D+2m(g— 1), N=m(r—1)+q R=r,and T=m+ 1+ ¢ It
follows that

0<t2g—1—-r)—(r— 1= F(2).
Since 2 < g < r it follows that the only possible values for 7 are 0 and 1, the

latter occuring only if ¢ = r. In both of these cases F(¢) = 0. Applying the
results of the last section to this case we get the following theorem.

6.1 THEOREM. Suppose 2p = m(m — 1)(r — 1) + 2m(q — 1) and n = m(r
— 1) + q where q=2,3,...,r— L, or r; m>2, and r # 5. Suppose W,
admits a simple g,. Then W, admits a gr with T=m + 1 or m + 2, the latter
case occuring only if g = r. In either case W, admits a plane model C,_, ,, of
degree n — r + 2 with r — 2 singularities P® of multiplicity T — 1 and one
singularity Q of multiplicity n — r + 2 — T. Several of the P® may be in the
first neighborhood of Q although each of the r — 1 singularities contributes to
the double points of C,_, , as if it were an ordinary singularity. g, is cut out on
C,_,.2 by the rational curves of degree r — 1 with a (r — 2)-fold point at Q and
simple points at each P©.

To obtain a model of W, in which all the singularities are distinct in P?we
could apply an appropriate quadratic transformation to C,_,, ,. Another way
is as follows. By Castelnuovo’s inequality g/¥2 (= g’ + g;) is complete.



370 R. D. M. ACCOLA

Since g'}2 — gl is simple we may apply Lemma 5.5. Since we will have

equality in formula (5.1) in this case, the r + 1 singularities of the correspon-
ding plane curve C,, ,_, will all occur at different points of P2, for each
singularity must contribute to the double points as if they were ordinary
singularities. If g7 — g7 is composite the singularities of multiplicity T — 1 of
C,.r_, are collinear and all the singularities P, ..., P“? of C,_,,, are
all in the first neighborhood of Q.

If the r — 1 singularities of C,_,,, are in general position, that is, if no
(I + 1)({ + 2)/2 of them lie on a curve of degree /, then we can simplify the
model by successive quadratic transformations. First transform with Q and
P® and P® as fundamental points to obtain a C,_,,,_(r_z With an
(n—r — 2T — 2))-fold point Q@ and r —4 (T — 1)-fold points P®,
P9, . .., P¢ 2 Second transform C,_,,,_(r_ With Q) and P® and P®
as fundamental points to obtain C,_,,;_»r_p With a (n —r — 3(T — 2))-
fold point Q® and r — 6 (T — 1)-fold points. Continue.

If r is even, (r — 2)/2 such transformations yield a curve of degree
n—r+2—(r—2)T - 2)/2 with a single singularity Q" ~2/? of multi-
plicity n — r — r(T — 2)/2. g, is now cut out by the rational curves of degree
r/2 with a (r — 2)/2-fold point at Q€ ~2/2,

If r is odd, (r — 3)/2 such transformations yield a curve of degree n — r +
2 — (r — 3T — 2)/2 with two singularities: Q“~3/2 of multiplicity n — r
—(r = 1T - 2)/2, and P2 of multiplicity T — 1. g/ is cut out by
rational curves of degree (r + 1)/2 with an ((r — 1)/2)-fold point at
Q" =3/? and passing simply through P2,

It is worth remarking that in this case of r odd these latter curves give
examples of Riemann surfaces for which equality is attained in the following
classical inequality: if W, admits a g! and a g} thenp < (¢ — 1)(z — 1). Here
t=Tand ' =n—r+1—(r— IXT — 2)/2. In fact, in this case of r odd
8 = gr:—r+l—(r-l)(T—2)/2 +((r = 1)/2)gr-

Since the curves derived in the last three paragraphs are easily constructed,
the question of the existence of Riemann surfaces where we have equality in
Castelunovo’s inequality is settled.

Concerning the uniqueness of the plane models, it is clear that those
derived in Theorem 6.1 are an (r — 2)-dimensional family parametrized by
D, _,. However, if the singularities are in general position and r is even, then
the plane curve C,_,,;,_(,_ayr-2),2 is unique since the corresponding linear
seriesis g, — ((r — 2)/2) g}

The case where r = 5 and W, does not admit a g;. imposing two conditions
on g’ occurs only when g =2 or ¢ = 4. In these cases g3, . = 282 ., /2
where g2, , ¢/2 1s nonsingular since 2p = 4m(m — 1) + 2m(q — 1).

Again suppose W, admits a simple g, with equality in Castelnuovo’s
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inequality. We want to show that gl is unique if r # 3. If T=m + 1 and
there were two gi’s then each would impose two conditions on g, by Lemma
3.8. In the proof of Theorem 6.1 (via Lemma 5.4) each gk +, would yield a
different Q for the plane model C,_,,, which would yield too much to the
double points of this curve for the given genus. If W, admits a gl ., the
uniqueness follows as above since any g,, ,, also imposes two conditions on
g/ For in this case g = r, g 21y, is simple, and 50 g8, 21,2 + &ms2 =
g, (Lemmas 3.5 and 5.1). Thus g7 is unique for both cases of T.

The uniqueness of g1 gives results concerning the possible automorphisms
(conformal self-maps) of a W, admitting a g, where we have equality in
Castelnuovo’s theorem, r # 5. For any automorphism of W, must permute
the fibers of g If A is the full group of automorphisms and N is the normal
subgroup of 4 of automorphisms that map each fiber of gr into itself, then
A/N is isomorphic to a finite group of the Riemann sphere. Thus the
automorphism group of W, is severely restricted in much the same manner as
are the hyperelliptic automorphism groups.

Since f(r, r; n, n) < f(r; n) (formula (1.2)) we see that, on such a W,, 8, is
unique. This allows us to use the classical technique, formula (2.2), for
counting the dimension of the locus in Teichmiiller space of such W,’s. An
elementary computation shows that the dimension D satisfies

2D=m*(r— 1)+ mQ2q+r+1)+ (4g—2r —8)
or
D=p+m(r+1)+Q2qg—r—4).

7. Some remarks on the case of several linear series. There is an obvious
way in which a surface W, can admit many simple g,’s; that is, W, can admit
a simple g/¥} and as x varies over the surface we have an infinite number of
simple g’+! — x. However, Castelnuovo’s original inequality, formula (3.1),
imposes a bound on p if this is to occur. If n + 1 =m'r + ¢ + 1 where
1< ¢ <rthenp < m(m — 1)r/2+ m'q. In fact, if we denote the right-
hand side of formula (4.1) by 2f(r, n, s) then for fixed r and n, f(r, n,s) is a
strictly decreasing function of s until f(r, n,s) = f(r + 1, n + 1, 1) at which
point it becomes constant. (The right-hand side of formula (3.1) is f(r, n, 1).)
We shall omit a proof of this, which is an elementary calculation, and show
directly that if p > f(r + 1, n + 1, 1) then W, admits only a finite number of
g.’s which are simple.

7.1 THEOREM. Let n=m'r + ¢ where ¢ =1,2,...,r—1lorr. If ¢ <r
suppose that W, admits m’ simple g,’s. If ¢ = r suppose that W, admits m’ + 1
simple g’s. (If r = 1 assume that no two g\s are compounded of the same
involution.) Then
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p<m(m —V)r/2+mq (=f(r+1n+11) (7.1

ProoF. Let g,,8,, . . . , g, be distinct simple g;’s on W,. Since (m’' — 1)r +
r—-D+1<n g +g+- - +g,=gmnr+mm=Dr/2+e Cq]| this series
G. Then the Clifford index of G is m'(¢’ — r) — 2e < 0. If this Clifford index
is negative then formula (7.1) follows. If ¢’ < r then the Clifford index is
indeed negative. If ¢’ = r and the Clifford index is zero, then ¢ = 0 and G is
the canonical series. If the same were trueof G' =g, + g, + - - - + g, +
8n+1 We would have g,. = g, ., a contradiction. Thus the Clifford index of
G or G’ must be negative. Q.E.D.

We shall end Part I of this paper with examples of plane curves where we
have equality in Theorem 4.3 for s g;’s, s > 2, thus showing that the bound in
formula (4.1) is sharp. Suppose n = m(rs — 1) + q. We tabulate below plane
curves all of which are of degree n — r + 2 with one singularity Q, r — 2
singularities P, s — 1 singularities R, and one singularity S. Thus each
curve will have r + s — 1 singularities in all. The case (v, ) indicates that g
corresponds to the case k = s — v, and W, admits a g7 where T = ms — v +
1+ uwhereu =0o0r 1.

Case Multiplicity Multiplicity  Multiplicity Multiplicity Range of ¢
(v, u) of 0 of PO of RV of S

(n—-r+2-T) (T-1) (h) (T - h)
(0,0) n—r—ms+1 ms m (s—Dm+1 2<qg<r
(0,0) n—r—ms+1 ms m+ 1 (s—=1)m 2<qg<r
o, 1) n—r—ms ms + 1 m+1 (s—-1)m+1 q=r
(1,0) n—r—ms+2 ms — 1 m (s—1)m —-r+2<g<x<1
(L1 n—r—ms+1 ms m+1 (s—=Dm qg=1
(L) n—r—ms+1 ms m (s=1)m+1 qg=1
(t,0) n—r—ms+1+v¢ ms — v m (s=1m+1—-—v 2<g+or<r+1
(v, 1) n—r—ms+v ms+1-v m (s—Im+2-vo qg+or=r+1

In each case one g, say g,, is cut out by curves of degree r — 1 with a
(r — 2)-fold point at Q and passing simply through each P®. For / <s, g, is
cut out by curves of degree r with an (r — 1)-fold point at Q, and passing
simply through all the P® and R® and §S.

Another interesting model is obtained by transforming C,_,,, by a
quadratic transformation with fundamental points at Q, S, and an arbitrary
nonsingular point x. The resulting model C,_,,,,, (k = order RY) has a
transformed Q, r — 1 P™s, s rYs, and no S. For/=1,2,...,s, g is cut
out by the curves of degree r with a (r — 1)-fold point at Q, and passing
simply through all the P®s and R®.-
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